In this paper we discuss the connection between the deformed matrix model and two dimensional black holes in the light of the new developements involving fermionic type 0A-string theory. We argue that many of the old results can be carried over to this new setting and that the original claims about the deformed matrix model are essentially correct. We show the agreement between correlation functions calculated using continuum and matrix model techniques. We also explain how detailed properties of the space time metric of the extremal blck hole of type 0A are reflected in the deformed matrix model.
Introduction
Recently, there has been a renewed interest in the c = 1 matrix model in the context of fermionic type 0 strings in two dimensions, see, e.g., [1] [2] [3] [4] [5] [6] [7] . Originally, the matrix model was constructed in order to describe strings as continuum limits of triangulated world sheets, for a nice review see [8] . The new developments show how the matrix model emerges as the theory for open string tachyons living on a collection of Dparticles in the two dimensional space time. With this in mind, it is interesting to go back to some of the unanswered questions left behind by the first matrix revolution.
One such question concerns a possible matrix model for a two dimensional black hole that was proposed in [9] : the deformed matrix model. The model includes a 1/λ 2 contribution to the matrix potential and is, like the usual c = 1 matrix model, exactly solvable. After its introduction the model was studied in a number of papers, see ,e.g., [10] [11] [12] [13] [14] [15] , and successfully passed several important tests. Interestingly, the deformed matrix model has now turned up again as the matrix model for fermionic type 0A strings in the presence of D-flux, [6] . In this paper we will review some of the old results on the deformed matrix model and explain their connection with the 0A model. Our conclusion will be that the original interpretation of the deformed matrix model proposed in [9] is basically correct.
The outline of the paper is as follows. In section two we discuss the basics of string theory in flat two dimensional space time. For the convenience of the reader we first review some of the results from the first matrix revolution -both from a continuum and a matrix model point of view. We also briefly review how the 0A/0B models fit into the story. In section three we turn to the black hole. First we discuss the original claims that the deformed matrix model described a bosonic black hole and the evidence in favor. We then turn to the extremal black hole of 0A to see how the arguments carry over to this much better controlled case. We end with some conclusions.
2 Flat space time 2.1 The bosonic c=1 theory
In the continuum
We begin, for the benefit of the reader, with a brief review of the bosonic string in two dimensions. A nice introduction to the subject with references and many original results, can be found in [16] . The space time action for the metric, the dilaton Φ and the tachyon T , is given by
up to interaction terms. Varying the action we obtain apart from the Einstein equations for the metric, a dilaton equation of motion given by
and a tachyon equation of motion given by
Flat space time is a solution if we allow for a linear dilaton background according to
which implies a string coupling that increases towards negative φ. This non-trivial dilaton background is the prize we have to pay for not having 26 dimensions.
From the point of view of the world sheet theory, the linear dilaton corresponds to a background charge which shifts the counting of the central charge allowing for two space time dimensions instead of 26. Another way to arrive at the same theory, is to start with just one scalar field, the c = 1 theory, and investigate the physics of the two dimensional world sheet metric induced by the quantum mechanical breaking of the world sheet conformal invariance. The metric has only one degree of freedom, the Liouville mode, corresponding to a Weyl-scaling of the metric. This is what we above interpreted as an extra space dimension making the original one dimensional c = 1 model effectively two dimensional.
The next step is to study the propagation of tachyons in this background. Plugging the linear dilaton background, and a flat metric, into the tachyon equation of motions with the ansatz T = e ikX+βφ , one finds
with solutions
if X is Euclidean time. With X as ordinary time we find
i.e. left and right movers in space time. In the following we will be working in Euclidean time, and we will focus on tachyons where we choose the +-sign in (6) -i.e. what in the matrix literature is referred to as the 'right' gravitational dressing. We note that after a rescaling by e
φ the tachyons correspond to massless excitations. (In two dimensions the name tachyon is, therefore, a bit of a misnomer).
We now proceed to consider a background with a tachyon condensate given by
where ∆, which controls the magnitude of the tachyon condensate, can be identified with the world sheet cosmological constant. The condensate increases towards negative φ and effectively gives rise to a wall -the tachyon wall -against which the tachyons can scatter. The idea is to send in tachyons from the weakly coupled regime at φ → +∞ and see what happens. Of particular interest are correlation functions for tachyons where all tachyons, except one, has the same sign of the momentum (all other vanishes, [16] ). We then have, at genus zero,
where
, and instead of ∆, we have written the correlation function as a function of µ. The relation between ∆ and µ will be explained below.
There are several comments that have to be made. Usually the pole structure of string amplitudes is very involved, but in two dimensions the kinematics leads to substantial simplifications. As we see, the poles come in the form of completely factorized leg factors. This has to do with the fact that it is only when tachyons of opposite chirality come together that an on shell intermediate state is created. Second, the calculation of the correlation function can only be performed perturbatively in ∆. That is, the calculation of a correlation function at non zero ∆ reduces to a calculation at zero ∆ with an extra number of zero momentum tachyons, [17] . As a consequence, we can only perform the calculation when the power of ∆ is expected to be an integer. For other values we must rely on analytical continuation. Each such tachyon is, just as all the other tachyons in (9), accompanied with a leg factor which in this case is γ (1) = 0. Hence, the correlation function naively vanishes. This is interpreted as the need for a renormalization of ∆ and is the reason for why the introduction of a new parameter µ is convenient. As argued in, e.g. [8] and [16] , the zeroes of the leg poles can be regulated to ln µ, with ∆ = µ ln µ, leading to (9) as promised.
As emphasized above, the continuum calculation only works for
with s integer, and it follows, therefore, from the conservation laws
This means that we will always sit on one of the poles of the leg-factor associated with the N'th tachyon. The pole can be regulated as lim ε→0
+µ s ln µ, where the first term can be thought of as a UV divergence that can be renormalized away from the world sheet point of view, or, alternatively, as an infinite volume term from the space time point of view. As explained above, we are, in space time, working on a semi infinite line cut off towards negative φ by the tachyon wall. The position of the wall, i.e. the point where T 0 becomes of order one, is given by φ ∼ √ α ′ 2 ln µ. Due to the way that the correlation function factorizes, it is convenient to absorb the leg factors into the normalization of the tachyons and write
The only part of the correlation function that remains, is now the non-factorizable piece. For instance, if we consider the case s = 0 we simply have
Let us finally come back to the mass-shell equation (5) . From the world sheet point of view this equation has a very simple interpretation: it is nothing but the condition that the world sheet vertex operators should have conformal dimension equal to (1, 1) . Generalizing to operators that include world sheet derivatives, one finds the condition α
where we have n world sheet derivatives ∂, and the same number of derivatives ∂.
In two dimensions there are no transverse degrees of freedom and one would naively not expect any physical states to arise in this way. However for some special, discrete values of k, the gauge transformations collapse, [18] [19] [20] [21] [22] [23] 28] . This happens at k = n √ α ′ for n integer. It is precisely these special values of momenta that show up in correlation functions, as is apparent from the leg factors above. One such example is k = 0 at n = 1, where the two solutions of (16) are given by
(up to gauge equivalent changes of polarization) and correspond to two different gravitational dressings of the operators, the right and wrong dressings respectively. The first corresponds, in this particular example, to changing the radius of compactification, the second, as we will see, is related to a space time black hole.
The matrix model
We now turn to the matrix model description of the c = 1 two dimensional string. As argued in [24] [25] [26] [27] , the appropriate matrix model has the potential
where the Fermi sea is filled up to µ from the top of the inverted harmonic oscillator. Sometimes in the literature, one uses a Fermi sea that is filled only on one side of the potential, but for non-perturbative stability it is convenient to fill both sides. A useful, and very intuitive trick, is to calculate scattering amplitudes using analytic continuation α ′ → −α ′ from the right side up harmonic potential. This leads, for instance, to the two puncture (i.e. zero energy tachyon) correlation function,
The advantage of this way of doing things is that the poles in the tachyon correlation function can be seen to have a very simple explanation, [18] [20] [22] . Simple perturbation theory shows that the poles correspond to energy differences, E n − E m , in the harmonic oscillator which indeed give rise to poles at n √ α ′ for n integer. Calculations in the matrix model furthermore precisely reproduce the results of (9) for the correlation functions. The non-factorizable piece is identically the same, and the pole structure of the legs also agrees.
The 0A/0B theories
As explained in the introduction, it was recently realized that many of the results for the bosonic string have an analogue in the case of non-supersymmetric fermionic strings, i.e. the 0A and 0B models. In the case of the 0B-string, there are two space time scalars, a massless tachyon and a massless RR-scalar. They both have an on-shell condition that can be obtained from (5) simply by replacing α
Of particular importance is the fact that, just as in the bosonic case, we have a matrix model description of the theory. The 0B matrix model is immediately obtained from the bosonic model by replacing α ′ → 2α ′ in (18) . The new twist of the story, as explained in e.g. [6] , is that we now have a much better understanding of from where the matrix model comes. In the 0B theory there are unstable D-particles in the space time. The sign of the instability, is the presence of open string tachyons with end points living on the D-particles. The matrices describing these tachyons are nothing else than the matrices of the matrix model, and the upside down potential is a signal of the tachyonic behavior.
The presence in the 0B theory of two types of scalars have an interesting explanation from the point of view of the matrix model potential. As explained in [6] 
these poles correspond to transitions between states of equal and different parity, respectively, just as one would expect.
In the case of 0A strings the situation is slightly different. We no longer have any RR-scalar and, therefore, only the tachyon remains. As shown in [16] the genus zero tachyon correlation functions now take the form, for s = 0,
We first note that the non-factorizable piece is the same as in the bosonic case, furthermore we note that only half of the poles are present in the leg factors compared with the bosonic case. This has an important consequence. Momentum conservation force the last tachyon to have k N = N −2 √ 2α ′ (compare with (13) ) which leads to a leg factor γ 2 − N 2 which diverges only for even N. We conclude, therefore, that only correlation functions with an even number of tachyons are non-vanishing. We will come back to the matrix model description of the 0A string in the next section, after a review of the two dimensional black hole.
3 The black hole
The bosonic black hole
In [9] it was conjectured that the bosonic two dimensional black hole, [29] , corresponds to a matrix model with the potential
There were several promising indications in this direction, of which the most obvious are the scaling properties of the theory. If we reinsert Planck's constant into the matrix model Schrödinger equation, we find, near the top of the Fermi sea,
We now rescale λ, by writing λ = x √h , to get all terms to be of same order inh. We then find
This suggests that the string coupling scales like 1/µ, or 1/ √ M , which is just what we would expect from comparing (8) and (17) with (4) .
Another important point is the position of the poles. As explained in [10] , all solutions of the Schrödinger equation are not admissable. When M > 3/4 the even parity wave functions blow up near the origin, and only the odd parity ones should be kept. This is the case which will be relevant for us. In passing we note that for -1/4 < M < 3/4 there is a one parameter family of self-adjoint extensions that can be used, while in the case of M < −1/4, finally, the energies turn complex signalling an instability. In our case, with a positive M, one is naturally lead to the throwing away of all the even parity states and, as a consequence, we loose half of the poles. Interestingly, this is precisely what happens if one scatters tachyons in the black hole background, compared with the scattering of tachyons in a background with a tachyon condensate, as shown in [9] .
As already mentioned, all calculations that can be made in the ordinary matrix model, can also be done in the deformed matrix model. Including tachyon correlation functions to all genus. Matrix model calculations of correlation functions lead to the following result at genus zero, see, e.g., [14] , where the leg factors have been factorized out:
An important question is whether these results can be verified using continuum methods. In [30] it was argued that the bosonic black hole can be reproduced by adding the operator V (−) 1,1 , i.e. a black hole screener, to the world sheet action for a string in flat space time. In fact, by expanding the black hole metric around a flat background one recovers the black hole screener. In [30] , however, it was argued that the addition of the black hole screener to the action was an exact description of the black hole of [29] . This was the approach used in [15] to calculate correlation functions perturbatively in M. The calculations are in general technically difficult, but there are some cases where the calculations can be done with less effort. In [15] values for momenta near
2α ′ , were chosen in order to perform the calculation with one black hole screener. The advantage of this choice is that one can arrange so that ζ · k i = 0 for i ≤ N − 2, where ζ is the polarization of the black hole screener. In this way the matrix model result above, in the case k N / √ α ′ − N/2 + 1 = 1, was reproduced, giving rise to
Hence we find complete agreement for the non-factorizable part with (26) .
There are a couple of important observations that one can should make. First, there are poles for all discrete momenta in this continuum calculation. In [15] it was suggested that this was due to the choice of vacuum. In the matrix model it is simple to project out the odd parity states. In the continuum a similar procedure is needed which, actually is nothing else than what happens when one go from 0B to 0A.
Second, there is a zero provided by the formal factor γ (1). This is just the same phenomena that is encountered for the tachyon background. Again we need a rescaling -like the one that brings us from ∆ to µ -in order to obtain a non-zero correlation function. As we will see, this can be understood in a very nice way from the form of the space time metric.
The extremal black hole 3.2.1 The continuum picture
Let us now turn to the case of the 0A-string. We begin by recalling the space time action for the 0A-theory with a D-flux q:
Systems of this form has been studied several times in the literature, see, e.g., [31] [32] . Following [32] we solve for the dilaton and the metric (without tachyon condensate) obtaining:
Note that the dilaton is still linear as in (4) thanks to a convenient choice of gauge. We will be particularly interested in the extremal case, which we expect will correspond to a stable ground state of the system. The metric above has two horizons corresponding to the two solutions of g (φ) = 0. The two horizons coincide when g ′ (φ) = 0, with the double horizon situated at
As a consequence, the string coupling on the horizon is given by
and decreases exponentially as we move away. The mass parameter, finally, is given by
We will come back to this important relation a little bit later -it is of crucial importance when we want to identify the deformed matrix model with the extremal black hole.
One concludes from the above that by choosing a large value for q the closed string coupling can be made arbitrarily small everywhere outside of the horizon. On the other hand, if we want to make calculations involving open strings attached to the q D-particles, the effective coupling is qg s which is fixed and not small. In [32] it was noted that the near horizon limit of the extremal black hole is an AdS 2 space. The finite value of qg s will, presumably, have important consequences for any analogue in two dimensions of the AdS/CFT correspondence in higher dimensions. 
The matrix model
The 0A-background described in the previous section can, according to [6] , be described using a matrix model with the potential
Again one can argue for this choice of potential from the point of view of open string tachyons, [6] . In 0A D-particles are stable, contrary to the case of 0B, but, luckily, it is instead possible to consider systems of D-particles and anti D-particles. The tachyons stretching between the particles and anti particles become complex and the Fermi sea two dimensional. The angular coordinate can, however, be integrated out and the resulting potential is the one given above, with q as the net number of Dparticles. The difference in the coefficient in front of the λ 2 can, as in the case of 0B, be understood from the fact that the open string tachyon has m 2 = − 1 α ′ in case of the bosonic string and m 2 = − 1 2α ′ in case of the 0A. Following [10] we may formally continue α ′ → −α ′ in order to have a right side up harmonic oscillator. We then have the following Schrödinger equation to solve:
where η = q 2 − 1/4. The energy eigenvalues can be shown to be
where a n = −(−1)
The even energy levels, with n = 2l, can now be written
and the odd ones, with n = 2l + 1,
As we have already explained, for q ≥ 0, we must throw away the even parity solutions leaving only the odd levels 2 . Repeating the argument of [22] [28] we predict poles at 2n √ 2α ′ , in agreement with the continuum results above. It is also gratifying to see that the somewhat mysterious critical value for the black hole mass of −1/4, that we observed in the previous section, now is shifted to zero. This, by the way, throws light on the properties of the deformed matrix model under T-duality. The ordinary c = 1 matrix model at finite radius was first studied in [34] , while the deformed model has been studied in [11] and [13] . A convenient way to proceed with the analysis is to consider the puncture two point function at finite radius written as
In this way T-duality is obvious at each genus (recall that the genus expansion corresponds to an expansion in 1/µ 2 ) and involves an exchange of n and m in the sum. If we now, as in [13] , do the same thing for the deformed model (remembering that we only should keep odd states) we run into a problem if we consider 1/η above as the genus counting parameter. As observed in [11] T-duality seems, in this case, to be broken. In [13] a modified transformation was proposed, which, as observed in [35] , corresponds to regarding 1/q 2 as the parameter that keeps track of the genus.
Comparing the deformed matrix model with the extremal black hole
It would be interesting to repeat and extend the calculations made in [15] , and discussed in section 3.1, to the fermionic type 0A string. We will not do this here, but instead take a different approach to reproduce the deformed matrix model results. Given the factorized expressions, both for the bosonic case and the case of the 0A, it is actually quite easy to derive the non factorizable piece of the scattering amplitude with an arbitrary number of black hole screeners inserted without the evaluation of any complicated integrals. In the following we use conventions appropriate for the 0A string but the argument is identical in the case of the bosonic string. We start with
and take a µ-derivative to insert a puncture, P , that is, a zero momentum tachyon. We find
From this we identify terms including √ α ′ k i /2 corresponding to the puncture being attached to the i'th tachyon leg, while the rest of the pre-factor comes from the puncture being attached somewhere else in the diagram. What if we want to insert a black hole screener V (−) 1,1 instead? From momentum conservation, we note that two zero momentum tachyons can fuse together into one black hole screener. Hence, if we have a diagram with a puncture already present we should attach another one to the same leg. In this way we effectively insert a black hole screener in the rest of the diagram. Using the result above we expect that the insertion of a black hole screener can be accomplished by the limit
The zero that we encounter is the same γ (1) that we already has seen in the case of the insertion of zero momentum tachyons, and is something that we need to compensate for. It is, [16] , a general result that the insertion of wrongly dressed special operators make the correlation functions vanish.
So, we have found that a black hole screener can be inserted by acting with
on the correlation function. Based on this we now propose that
where the γ (1) must be aborbed into the coefficient of the V
1,1 in the world sheet action, just as in the case of the tachyon condensate. However, there is still one thing that remains to be explained. There is in principle a question of ordering between the operation of inserting a puncture and a black hole screener using our recipe. Since we have that
the ordering actually do matter. Luckily, however, the difference is easy to interpret. It simply corresponds to a diagram where three punctures come together on the same leg. That is, a puncture is attached to an external graviton leg. If we reverse the order between the derivatives in (38) we will miss such contributions and the result will, therefore, not be correct. When we now are confident that (38) is correct, we evaluate it to find in agreement with the results derived in, e.g., [15] . Another convenient way to summarize the results is to write, as in [14] ,
where M = q 2 .
3
The results above are independent of whether we are discussing the bosonic string or the 0A. In the bosonic case, the field theory calculation in [15] did not include a projection to remove all the odd states, implying, incorrectly, that correlation functions with an odd number of tachyons are non-zero. In the 0A however, and presumably also for a correctly projected bosonic string, the leg factors are of the form given in (22) . As a consequence, the leg factor corresponding to tachyon number N, which we have chosen to have the opposite chirality compared with the others, is given by γ (2 − N/2) which diverges only for even N.
Finally, we need to fulfill our promise and come back to the relation between the mass and the charge for the extremal black hole derived in (30) . Up to the logarithm we note that the mass of the black hole goes like the square of the charge. That is, the coefficient of the 1/λ 2 is indeed (up to the shift of 1/4) the black hole mass, just as conjectured! Furthermore, we should note that the expression m ∼ q 2 ln q 2 is a perfect analogue to the expression ∆ ∼ µ ln µ that we have discussed earlier.
∆ and m are parameters natural for the string world sheet physics, while µ and q appear naturally in the matrix model. In this way we see that the formal γ (1) = 0 is compensated for by a volume factor just as in case of the tachyon condensate.
Conclusions
In this paper we have discussed the space time interpretation of the deformed matrix model. We have found that the old conjecture that the model describes a two dimensional black hole comes to new life in the context of the 0A string. There are many things left to do. For instance, there are more special states at discrete momenta than the one corresponding to a black hole space time. In the matrix model one can, in principle, calculate correlation functions also in the presence of those. But what is the space time interpretation from the point of view of the 0A?
